The nuclear recoil correction to the g factor of boronlike ions is evaluated within the lowest-order rela- 
I. INTRODUCTION
The bound-electron g factor is the subject of intensive experimental and theoretical investigations during the last 20 years. High-precision measurements for hydrogenlike ions [1] [2] [3] [4] combined with theoretical calculations (see Ref. [5] and references therein) have lead to the significant improvement of the electron mass value [6, 7] . Anticipated experiments with few-electron ions are able to deliver an independent determination of the fine-structure constant [8] [9] [10] provided the corresponding progress in theory is achieved. Meanwhile, presently found agreement between theory and experiment manifests the most accurate test of the bound-state QED in the presence of magnetic field [4, 5, [11] [12] [13] [14] . Even more non-trivial tests are possible in studying the nuclear recoil effect, which demands quantum electrodynamics beyond the Furry picture (i.e., beyond the external field approximation) for its full description. Recent measurement of the g-factor isotope shift in lithiumlike calcium [15] has provided the direct access to the nuclear recoil contribution.
Lately we have reevaluated the two-electron part of this contribution and improved the agreement between theory and experiment [16] . Moreover, we have shown that the non-trivial QED contribution to the nuclear recoil effect can be probed at the few-percent level in the specific difference of the g factors of heavy hydrogenlike and lithiumlike ions [17] .
The g-factor measurement performed at the MPIK [18] was the first one sensitive to the QED effects in boronlike systems. The ARTEMIS experiment presently implemented at GSI [19] aims at the precision of 10 −9 for the g factors of the ground and the first excited states in boronlike argon.
These activities have attracted special attention to the Zeeman splitting in boronlike ions, both to the g factor and to the non-linear effects in magnetic field [20] [21] [22] [23] [24] . Present g-factor theoretical uncertainty is much larger in this case as compared to lithiumlike ions, in particular, for the ground state of boronlike argon it amounts to 0.7 × 10 −6 [21] . At the same time, the nuclear recoil effect is much more pronounced for p-states (−9.1 × 10 −6 for argon) due to the contributions which vanish for s-states. So, the g-factor investigations for boronlike ions are promising not only for α-determination [8] but also for testing the QED theory of the nuclear recoil effect.
In this paper we present the most accurate up-to-date relativistic calculations of the nuclear recoil correction to the g-factor of boronlike ions. The use of the Dirac wave functions and the We use the relativistic units ( = c = 1) throughout the paper.
II. BASIC FORMULAE
We consider a boronlike ion in the ground state (1s) 2 (2s) 2 2p 1/2 placed in the constant homogeneous magnetic field H directed along the z axis. Let |A be the reference-state many-electron wave function with the energy E A and the total angular momentum projection M J , calculated to the zeroth-order in 1/Z. It is the Slater determinant of the Dirac wave functions in the nuclear potential, while E A is the sum of the corresponding one-electron energies and M J is the angular momentum projection of the 2p 1/2 state. The magnetic-field interaction is described by the operator
where µ 0 is the Bohr magneton, α is the vector of the Dirac matrices.
The non-relativistic operator for the nuclear recoil effect on the bound-electron g factor of the first order in the electron-to-nucleus mass ratio m/M was derived by Phillips [25] . Leading-order relativistic and radiative corrections, as well as the higher orders in m/M, were considered in
Refs. [26] [27] [28] [29] [30] [31] [32] , see also references therein. The fully relativistic theory of this effect in the first order in m/M valid to all orders in αZ has been developed in Ref. [33] . In the present work, we neglect the non-trivial QED contributions (higher-order part) represented by ∆E
Eqs. (78) and (95) of Ref. [33] and consider only the lower-order part represented by ∆E
(1,2) L from Eqs. (77) and (94) of Ref. [33] . This part is complete to the orders (αZ) 0 and (αZ) 2 , while the higher-order part ∆E
contains only higher powers of αZ. The lower-order part can be represented by the effective operators, which have to be taken into account in the first order of the perturbation theory. The first one is the nuclear recoil Hamiltonian,
which yields the corresponding correction to the binding energy [34] . The g-factor correction is
given by the following second-order perturbation-theory formula:
The summation runs over the complete spectrum of the many-electron states |N constructed as the Slater determinants from the Dirac wave functions, including the negative-energy states. The second operator [16] ,
arises only in the presence of magnetic field, its contribution to the g factor is given by the firstorder matrix element,
The first term in the expression (4) for H magn M defines the non-relativistic limit of the nuclear recoil effect [25] . While for s-states it yields zero, for p-states it gives the dominant contribution for lowand middle-Z ions.
In order to take into account the interelectronic-interaction effects, we consider the first-order correction to ∆g (0) non-magn and ∆g (0) magn due to the Coulomb-Breit interaction Hamiltonian,
The corresponding formula for the magnetic part reads,
where the summation runs over the positive-energy states only, i.e., |N are constructed as the Slater determinants of the positive-energy one-electron states. The first-order correction ∆g (1) non-magn to the non-magnetic part is represented by a quite lengthy expression due to the operator permutations and the proper treatment of the negative-energy excitations that shall accompany the operator H magn (discussion of this question can be found, e.g., in Refs. [35, 36] ).
In addition, an effective screening potential can be introduced into the Dirac equation determining the zeroth-order energies E A , E N and wave functions |A , |N . In this case, the corresponding counter-term shall be added to H int in calculations of ∆g (1) non-magn and ∆g (1) magn . In this way, the higher-order corrections in 1/Z are partly taken into account. We consider the well-known coreHartree (CH), Kohn-Sham (KS) and local Dirac-Fock (LDF) potentials, for more details see e.g.
Refs. [37] [38] [39] [40] [41] and references therein.
The recursive approach to evaluate the interelectronic-interaction corrections within the Breit approximation to all orders in 1/Z has been developed in Refs. [16, 42] . It has been employed to evaluate these corrections to the nuclear recoil effect on the g-factor of lithiumlike ions [16, 17] . This method can be applied also to the present case of boronlike ions, which will be the subject of our subsequent research.
III. RESULTS AND DISCUSSION
The numerical calculations of the leading-order nuclear-recoil terms, ∆g (0) non-magn and ∆g (0) magn , and the first-order corrections due to the interelectronic interaction, ∆g (1) non-magn and ∆g (1) magn , are performed employing the finite-basis-set method. The spectrum of the Dirac-equation solutions for the Coulomb nuclear potential or for one of the effective potentials is found within the dual-kineticbalance (DKB) approach [43] . The many-electron wave functions |N including the reference state |A = |(1s) 2 (2s) 2 2p 1/2 are constructed as the Slater determinants from these one-electron wave functions. In Table I the individual contributions to the nuclear recoil correction in boronlike argon are presented. The zeroth-and first-order coefficients A(αZ) and B(αZ) are defined as
We note, however, that A and B defined in this way represent the 1/Z-expansion only in the case of the Coulomb potential. For the screening potentials, these coefficients incorporate partly the higher orders in 1/Z and shall be written as A(αZ, Z) and B(αZ, Z). The contribution of the magnetic-recoil operator H magn M is divided into the non-relativistic (first term in Eq. (4)) and relativistic (second term in Eq. (4)) parts. Moreover, it is divided into the one-electron (j = k) and two-electron (j = k) parts, so there are four in total: "magn 1-el", "magn 2-el", "magn 1-el-r", and "magn 2-el-r". The "non-magn" contribution of the operator H M is completely relativistic and is given undivided in Table I .
The results for even values of Z in the range Z = 10-20 are given in Table II in terms of the coefficients A and B/Z for the Coulomb and three different screening potentials. As the final result, we take the value for the LDF potential. One can see that the difference between the values for different potentials gets several times smaller when the first-order correction B/Z is taken into account. On the other hand, the screening effect for the zeroth-order term A accounts for about 50% only of the total interelectronic-interaction effect obtained. The reason for this is the structure of the two-electron "ladder" terms in Eq. (7) with the two-electron magnetic-recoil operator, which can not be approximated by the terms with the screening potential in place of H int . This is in contrast, e.g., to the leading-order (non-recoil) interelectronic-interaction correction to the g factor, where the screening potential accounts for the dominant part of the interelectronic-interaction effect, and the spread of the results for different potentials can serve as an estimation of the higher-order terms [12] . So, in the present case such an estimation of the unknown 1/Z 2+ contribution will not work most probably. For this reason, we estimate it from the ratio of ∆g
(1) rec to ∆g (0) rec for the Coulomb potential: ∆g
rec · (∆g (1) rec /∆g (0) rec ).
Another source of the uncertainty is the non-trivial QED part of the nuclear recoil correction, which may give terms of the order (αZ) 3 and higher (for s-states only (αZ) 5 and higher) [33] .
First evaluation of this contribution for the 1s state complete to all orders in αZ was performed in
Ref. [44] . Calculations for the 2s state have been done in Ref. [15] for lithiumlike calcium and in
Refs. [16, 17] for the ions in the range Z = 3-92. Estimated as (αZ) 3 ∆g
rec it appears to be about 0.002 for Z = 20 in terms of the A and B/Z coefficients, that is much smaller than the uncertainty due to the higher-order interelectronic interaction (∆g (2+) rec ). It should be noted that for boronlike ions there exists also a two-electron contribution in the zeroth order in 1/Z which is beyond the Breit approximation. It was calculated in Ref. [21] for boronlike argon. Due to its smallness, however, we neglect it in the present work. We also neglect the so-called radiative corrections (∼ α m/M) and the contributions of the higher orders in m/M. Table III the nuclear recoil correction ∆g rec = ∆g (0) rec + ∆g (1) rec to the g factor of several boronlike ions in the range Z = 10-20 is presented. The values of the A and B coefficients obtained with the LDF potential are used, the estimation of the uncertainty is described above. The result for boronlike argon slightly differs from the one presented in Ref. [21] due to the relativistic corrections to the 1/Z term.
Finally, in

IV. CONCLUSION
The nuclear recoil effect on the g factor of middle-Z boronlike ions is evaluated in the first order in m/M and in the zeroth and first orders in 1/Z. The leading relativistic corrections of the order (αZ) 2 are taken into account employing the relativistic nuclear recoil operators derived in Refs. [33, 34] . The interelectronic-interaction correction of the first order in 1/Z is evaluated within the perturbation theory. The higher-order contributions in 1/Z, which currently determine the theoretical uncertainty, are partly included by means of the effective screening potential. 
